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INTRODUCTION 


the Transmissibility of any vibrating system can be 
discussed only after the displacement amplitude of vibration 
is determined. The displacement amplitude, in turn, is 
usually expressed in the form of a differential equation. 
Therefore, it is necessary to discuss briefly differential 
equations and their solutions, . 

In the selution of elementary vibration problems, 
certain assumptions are usually made regarding the damping 
force and the spring force of the vibrating system. The 
damping force is assumed to be a linear function of the 
velocity of motion. The restoring force of the spring at 
any instant is assumed to be proportional to the deforma- 





nm of motion is a 
linear differential equation with constant coefficients, 


tion. With these asawaptions the equatic 


The solution to a linear differential equation is easily 
ebtained and the displacement amplitude of the vibration 
determined. From the solution of the equation of motion, 
an expression is then derived for the Transmisaibility of 
the system. 

The spring force may not be a linear function of the 
displacement if rubber, leather, cork or plastics are 
used. The linear differential equation with constant co- 
efficients is no longer sufficient to describe the motion 
of systems employing the above-mentioned materials, A 


general investiration of such systems requires a discussion 
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of non-linear differential equations, and for the particudar 
case at issue, a discussion of a "system with a non-linear 
spring characteristic.” 

The general solution of a differential equation for the 
forced vibrations of a system with a non-linear spring char- 
acteristic is unknown. ‘The method of superposition of 
vibrations whith isS"always applicable in’the case of linear 
sy@tems is*WoWenger’Valid. If the free vibrations and the 
fomeed vib#eeHens OT “the System are found, the sum of the 
tweaemotions™"does™*net sive the resultant vibration. To 
Sep lify the Sroslem, This paper will discuss only the 
peeady forceaeveeretion=, and neglect the discussion of the 
free vibrations that devend on the initial condition. 

The sofation to the equation of motion for a system 
With a noni nearspring, presented Im TNIS paper, yields 
a close approximation to the displacement amplitudes found 
beg xperimeas, aneMiYror Such Sa Torm that the Transmiss- 
Soimitby cangpe ready Utetuseca, “for vies reason it Mas 
Gg@e@emded advantages! ower the present methods of solution, i.é., 

*® Numerical integration: 

®. Graphical intepration. 

©. Method of Successive Approximations. 
a 


4. Graphical solutions neglecting damping. (Ref. b-page 1359) 








et -t S 


'y tars 
el 


. _ wt e Wie wdaye" » 1.) eco oowc eer eww 


_ 7 817 Seer sree gettye 


err sbi Eber SF 


- _ 





Symbol 


EEeu “4 OS PB RF F YO © o 


> Fe FB 


TABLE OF NOMENCLATURE 


Deseription Dimension 
Displacement Amplitude of Vibration L 
Cocfficient of Viscous Damping nT’ 
gtk Ratio of Spring Constants oh 
Eecentricity of Unbalanced Nass L 
Spring Force uL?* 
Linear Spring Constant uo * 
Non-linear Spring Constant mM L9* 
Total Mass in Vibration Mi 
Unbalanced Masa i 
A . 

i L 
mew, Amplitude of Exciting Force “HLT * 
Displacement in y direction L 
dy Velocity in y direction Lg! 
d¥. Acceleration in y direction Lo 
Exciting frequency qe 
Ve Natural frequency 
at FREQUENCY RATIO Dimons Lonless 
£0 DAMPING FACTOR Dinenstonless 
e pr LAciTinc TOACE Dizrpenstioniless 
@ a AMPLITUDE FACTOR Dimensionless 
Transmissibility Dimensionless 


ADOVE ITEMS ARE IN "CONSISTENT UNITS", 








DERIVATION OF FORMULAS 


The solution is based on the 
assumption that the spring char- 
acteristic shown in Figure 1, can 


be represented with reasonable 


Force 
accuracy by an equation of the iy 
Feky+k,y° 
The second assumption is 
that the damping is viscous, i.e., Displacement - y 
the damping force is proportional Pigure l. 


to the velocity of motion. 

The third assumption is that the third power of the sine 
of an angle is approximately equal to three-fourths the sine 
of the angle. | 

Considering the system with 
one degree of freedom shown in 
Figure 2, the following forces 
ae involved: 

1. Damping foree = b y 

2, Spring foree =k y + k,y’ 

Ss Kxeiting foree = Q sin ux, t (Qemeu, ) 

From Newton's Second Law of Motion 
@s8inu,t=-by- (ky +k yy) = BF ee ew we ww 6f)) 
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Rearranging equation (1) 
e@ s 3 
My+by+ky + k,y = m 6 uw, gin uw,Ge 2 oe * » © oER) 
Defining 


< 
Hem, four 5 She 


Substituting into equation (2) 
ee : 2 xk, 2 2 
y * Qn y + Wy (y + ety ) = p uy sin WwW eae so & @ UB) 
Assuming the solution for the steacy forced vibrations to be 
y =a spin ( ws, § «X) 
Then yY=ua ou, cos ( uy t -%) a 
e ¢ ® ® © 4 
y= =p ay sin ( wet =“) 
3 
y= a sin ( wet +0) = Za sin (yt -x<) 
| Tie third harmonic of the y” term in equation (4) is 
neglected in this solution. This procedure is followed by 
EH. V. APPLETON (Hef. a), an@ is discussed in detail by 
S, TIMOSHENKO (Ref. b = pagesSS and 48). 
Substituting equations (4) inte equation (3) there resulte; 
2 @ 2 2 
puma wpa a ot (uy t-e< )+Pna aycos (uy °< apujoin wt « « (5) 
Let iB k, = ¢ 
kK 


Substituting the following relationships; 
Sin (uyt-<)= sinwst cosx= coswA sink. 
cos (uyt-A)= cosu,t coso+ sinwt sink, 
Then, since the ceefficients of ths sine and cosine terms 


respectively must be equal, 








2 2 3 ¢ : t : Ce 

AW,-Aw, + CQ Wy | Cos Xf Soin Wy FEN aU SINAN Sth = pur din wt (6-a) 
2 2 oa. 
—}| QW, ~Auy +Ca a in Cos wyt FeNAuy Cos xX Cos ut = 0 s+ + (6=p) 
When Wet = 03 cos uxt = 1.0 and from equation (6-b) 

an ue 
ee ae ee 
[ony wwe | 
When u,-t = T/2 ; sin w,t = 1,0 and from equation (6-a) 


Tan = yt ee ko Oe 


a a > ©€@ a 
utrme c+ «aye eon =< +ena Wy sin Xf = DAs * = © © 6 © # @ (8) 
Substituting for cos~ and sin& from ecuation (7) 

2 - 2aewe § eB 2 ¢ 

& (wnm wpe wyo)+ an wf = p Us **weee# #8 # «© # @# @ (9) 
Thus equation (4) satisfies eocuation (£) provided the amplitude 
and phase relations are as specified in equations (7) and (9). 
For other positions of the vibrating system, equation (2) is 
not usually satisfled, end the actual motion cannot be re- 
presented by the assumed simple harmonic motion, 
Assuming the dimensionless froups: 

“ea fteni 2n. g. Y 

Caz As3ep = £; wa, Gen a 

and substituting into equations (7) end (9), 


Sees oS en lee ® e e % ® 4 ® ® ® é e (12) 


and an Q +Rteat)« on wae sawtowee (14) 

Bquation (14) is the "Amplitude 
Equation" in dimensionless form, ‘The 
general shape of the amplitude curve 


is shown in Figure 3s. 
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Tne branches of the curve merked J and L are the steblhe 
anplitudes of the vibration , the branch marked K is un- 
stable and in never realized. The problem of stability 
is thoroughly discussed by E. V. APPLETON (Ref, a). 

When the Amplitude Factor A is plotted against the 
Frequency Katio K there are two parameters thet may affect 
the shape of tne curves, namely; the Lxciting Force £, and 
the Damping Factor G. The independent effeet of these two 


variables is shown in Figures 4 and 5, 
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Keferring to Figure 5, it can be seen that the Damping 
Factor G determines the point marked 2 where the amplitude 
curves round off. For values of 0 éa°<e the curves will 
never round off, but will extend to infinity without closing. 
For the case where ¢ >E the curves will round off at 
definite values of K and Av 

With the approximate solution of the differential 
equation of motion available, it is now possible to derive 
the equation for the Transmissibility. 

The Transmissibility,at a given exciting frequency, is 
defined as the ratio of the amplituce of the transmitted 
force to the amplitude of the disturbing force. 


* @ (15) 





Assuming, as before, 
Spring Force = ky + x,y 
and Damping Force = b y 
Then the transmitted forte, =by+ky+ kyo. . se « » (16) 
But from the assumed solution 
y = a sin (uyt ~%< ) 
y =a wy eos (wrt +X ) ' @#¢@4 a0 UY 
y% Ba sin (uyt +X ) 
Substituting equations (17) into equation (16) the amplitude 
of the transmitted force becomes 
ft a + & oP fesn (wWyt-A)+b awreos (Uyt=-%).. . « (18) 
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or the Amplitude of the Transmitted Force 





= 2 
(ea+2ak) (ba uy)isesseutuseus (0) 


= i alla + 0 0*)*+(Qee)* sovve Ww © wa « © (R00 


faking, the square root of both sides of equation (9), there 
results; 
2 2 2 ar-4 
ma euy= M & (Wy = wy awe) + 4n uy * © © © © 6 8&8 @ (21) 


Substituting equations (20) and (21) inte equation (15) 


x alf( a + @ 08) (Bee “ike? | 


qT 
i all (a Wy + awe) “+ 4 nw, 


a 
Since Wy = = » Gividing the numerator and demominator of 


2 
equation (22) by Wy there results, 


pom ees 6 4 OB) 





Reealling the following dimensionless groups 
2 2 
Azea 3 R=—CE ; Ge mn. > 


and substituting into equation (23) 


tec ea aes ee 





fais is the "Transmissibility Equation” in dimensionless 
form. The variables involved are the Amplitude Factor A, the 
Damping Factor G and the Frequency Ratio kh. The Lxciting 
Porce E is indirectiy involved throuzh its effeet on the 
Amplitude Factor A (Fig. 4 page 9). 
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CONCLUSIONS 


ine data obtained in the Laboratory agreed closely with 
the magnitude of the «waplitude Factors computed from the 
derived formula (see curves, pages 26 « 29). Tor the most 
luportent branch of the amplitude curve the average error 
is 3.6 per cent. This result indicates that the derived 
formula can be used with aceuracy, to predict the amplitude 
ef vibration for a system with a non-linear spring; provided 
the physical constants of the system are available, 

Tae expression for the Transmissibility can be essumed 
to be correct since it is obtained from the amplitude 
equation. The Transmissibility eurves for « caleulated 
value of Damping Factor G (pages 354 and 38), and for two 
cifferent values of kxeiting Foree EK are shewn on pages 
60 ~ Sl. 

Referring to sketeh A, three 
types of Transsissibllity curves 
are shown. ‘They are similar in 


(1) 


shape to the amplitude curves 

previously discussed, The lower j X 
branches of the Transmiasibility — a" te 
curves cross et the point marked 7 (3) ys 
V where the Transmissibility is 4 js : 
unity and the Frequency Ratio h ie ante Nez 
is slightly greater thea |/2 , 


2. 
R / 
( ny aad Sketch A, 








LS 


“Shen a machine is operating at a constunt speed below 
or near the resonunt frequency (R &1), the amplitude and 
Transmissibilility are lower than for the same machine with 
@ linear mounting having identical linear constants. 

when the operating speed of the machine is sre.ter 
than the resonant frequency (x2), a general statement 
cannot be made regarding the Transmissibility. For the 
condition where @ <u, the Transmissibility is relatively 
large as shown by curve (1) in sketeh A. For the condi-~ 
tion where OE, the Transmissibility curve (2), sketch A, 
will be obtained. The point X where the curve rounds off, 
can be controlled by varying G or E when substituted in the 
formula R = eileo4 For very large values of the Damping 
Factor G, and Low values of Lxeiting Force &, the Trans~ 
missibility is very low as shown by curve (3), sketch A, 

Since the values of G and E play an important part in 
the Transmissibility, curves of particuler utility are shown 
on page 55. The coordinates of the curves are the Damping 


Factor G and the Exeiting Force E, For all points that lie 





below the curve marked WN, the Transmissibility curve will 
ve sinilar to curve (1), sketch A. For all points thet lie 
between the curves M and H, the Transmissibility curve will 
be similar to curve (2), sketeh A. For all points that lie 
above the curve &, the Transmissibility curve will be 
similar to curve (3), sketch A. ‘hus the proper relative 
values of E and G can be obtained directly from page 535 to 


give any desired shape of Transmissibility eurve. 
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The above statements regarding the values of Damping 
Fuctor G, and Exeiting Foree E, : 
that the wens] cur 
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PHOTOGRAPH OF APPARATUS 
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bf kL OCKIPTION OF siz a .TUs 


Tne apparatus used is quite simple. To a reinforced 
conerete foundation (1) ef three feet elevation, two pieces 
of rolled steel 1/2" x 5", separated by a distance of one 
foot, are secured so that two cantilever springs (B) are 
formed. A piece of 6" channel (C) is secured vertically to 
the ends of the cantilever springs so that vertical motion 
of tne channel piece results when the two parallel cantilever 
springs deflect. On top of the vertical channel, a 1/4 horse 
power D. C, motor (D) is firmly secured, ‘The bottom of the 
vertical channel is connected to the middle of a steel bar (L). 
The bar (EZ) is so supported that it ean be considered as a 
beam fixed at both ends and deflected at the middle. ‘the beam — 
supports are in turn secured to a bed-plate buried in rein- 
forced concrete. 


To cach end of the shaft of the motor, two similer 





eecentric pieces of steel (F) of lmown mass and eccentricity 
are secured, 

4A vheostat (@) is inserted in the armature circuit of 
the motor so that a speed range up to 2000 rpm is available, 
Tie motor power supply is a 110 volt synehronous converter. 

A piece of sheet metal (H) 6" square is rigidly secured 
to the end of the motor frame. The upper horizontal edge of 
(H) 1s squared, smoothed and blackened. 

A Strebotac (J), ealibrated in rpm, is used to obtain 


the frequency of rotation of the motor. 


nian & wei fas toe 


she etme 0s bow anlage acl 
7 oe Vo (4) cadsemeant eortoere 


means 98 x EAL Ant Wise » 
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~ 4.2 ‘ . f ; e oT 4 ; 
A Cathatemeter (K) is yinéed about four from the 
and sed on the upper edge of ‘BY (80 that the 
’ o 
= ane Yon ae ee ee - 
a ean ohn to within one ten 
p - | 
5 J fn @ 
ter is souetimes used in conjunction 
i 











OB hand tachoms 


with h the strobotec 20, ut ai the recorded moter speeds are 


observed wi tm the strobotue . 





‘With SSS. equipnent ; the following, items can be 


varied to thorough So investigate the action of the non-lineer 


= . 
_ -~ 


ade Length of cantilever springs. | (1) 
2s ‘Thickness of beam. (Zz) 


system: $ 


3, Span of beam. (2) 
4. Mass and eccentricity of the welishts (F) on motor shaft, 
5. Kotor speed. 
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LABORATORY PROCE LULL 


The equipment is assembled using a given set of 
varlables such as the following: (1) length of cantilever 
springs, three feet; (2) thickness of beam, 1/4"; (3) span 
of the beam, four feet; (4) one set of matched eccentric 
weights. With the motor at rest, the apparatus is so adjusted 
that the beam E has no initial deflection. 

The Strobotac is checked by the vibrating reec at 900 
rpm before starting each run. 

The Cathatometer is focused on the upper horizontal 
edge of the piece (:.), and the sere reading recorded. 

Tne room is then durkened, and the motor speed increased 
by successive increments, each speed being obtained by the 
Strobetac. The Strobetac is then foeused on the upper horizon- 
tal edge of the piece (i) and set slightly off the rotating 
speed of the motor so that the sheet metal plate (!') appears 
to move slowly up and down with the beat frequency resulting. 
fois procedure enables the operater om the Cathatometer to 
Vring the cross hair to the highest position of the borizon- 
‘tal edge of the sheet metal piece (4) with extreme accuracy. 
Tae Strobotac is again feecused on the motor and the speed 
rechecked. The motor speed and amplitude reading ure recorded 
and the same procedure is repeated at each successive higher 
speed, 
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Table = A 


B= 000175 G = ,0226 Uy 365 ¢ = 15,11 
Speed Amplitude R A A T T 
rpm (obs) ft. (obs) (eds) (obs ) (cale) (obs) (eale) 
0 Q Q Q O 1.0 1.0 
200 e0001 548 .0015 «0050 1.435 4.5 
265 20005 0726 40075 0150 2,12 200 
600 «0016 822 .0249 0220 3,07 269 
345 e0051 2945 .0'770 21020) 0s 8 84 85 
560 eO1L04 986 .15'70 «1850 18.1 15.0 
O75 «0180 1.028 .2720 0060 S7.1 24.5 
S85 00255 1.056 ,.5550 5800 41.4 29.0 
400 «8000 1.097 .4540 4710 46.35 56.7 
415 »03560 1.157 .5¢45 05540 49.9 45 .0 
425 «0400 1.164 .604 »60S0 51.8 46.8 
459 20450 1.1491 .650 6530 52.2 50.1 
445 00465 1.220 .703 7000 535.0 54,0 
450 60515 1.265 .779 eTealO 16,07 54,5 
Decreasing Speed 
980 -0009 2.685 .0156 115 0.16 0.2 
640 0012 16755 .0181 0180 0539 0.4 
570 O0L4 1.561 .0212 0210 0,68 0.7 
605 ~0017 1.585 ,0257 »0265 1,10 1.00 
476 OORL 142500 .06518 20315 1,42 Ls 45 
442 -0027 22210 .0408 0410 8422 2.2 
415 e0054 1.138 .0574 0600 5.42 5.5 
400 -0057 1.097 .0861 «9800 1,61 5.0 








Table - B 


k= ,0000585 G = ,0226 Wy = 365 e = 15.11 

Speed Amplitude RK A A 7 T 

rpm(ebs) ft. (ebs) (obs) (obs ) (cale) (obs) (cake) 
0 0 0 0 0 1,00 1.00 
200 ~OO0OL 2548 e0O015 » 0050 1.45 1.40 
270 ~0004 140 »0060 0070 8.20 2 @LO 
525 eOOL4E 2390 20211 -0050 4.77 5.00 
080 «0061 0998 -O920 .O760 10.81] 9.20 
565 -0109 21,4000 61645 .1850 29:10 25.2 
S70 0145 15014 2190 2250 54,60 55.0 
575 -OL76 1,028 «2660 2700 38850 39,0 
580 0204 1.041 e080 -o100 42,00 42.0 
585 00255 1.4055 20045 0500 41565 45.0 
590 00275 1.069 04150 0810 36.75 46.5 
395 .0520 1.08e 4825 4155 186,50 47.9 

Decreasing Speed 

595 20007 24650 0106 .0100 0560 0.60 
485 20010 1550 eO1LS1 010 1450 1.25 
460 1.260 0181 .0205 1,70 1.70 
440 1.206 sO211L .0250 2.20 2.25 
430 1.179 0214 2656 2.60 
415 1.158 20302 ©0350 3239 5.50 
410 1,124 0332 .0370 3579 5.90 
405 1.110 0562 .0400 4431 4.75 
595 1.082 0453 §.38 6.00 
590 1.069 0515 7.04 7.10 
585 1055 0556 0760 8.96 10.00 

















Table - CG 

















E = ,0002786 G = 0236 Wy 544 ¢ = 15.6 
Speed Auplitude R A é 
rpm (obs) ft. (obs) (obs ) (obs ) (cale) 
0 0 0 0 0 
250 ~0001 460 .0OLS .0040 
300 .c004 552 0062 0055 
395 .OO1LL 726 .0171 .0160 
445 0025 836 0390 .O260 
480 «0034 882 «0530 .0440 
530 ~0105 975 .1640 61530 
555 .O175 1,021 .2750 »2900 
575 ~0250 1.058 +3900 ~3800 
605 .0328 1.112 «5110 ~5100 
615 0360 1.150 .5610 ~5430 
630 .0382 1.160 5950 5950 
640 0405 1.178 6510 6300 
650 60455 1.197 .678 +6600 
660 .04'70 1.214 735 6880 

Decreasing Speed 
~ 3020 20010 1.857 .0175 
900 .0012 1.655 .0200 
B00 0013 1.471 
700 .0021 1.288 .0328 
630 0040 1.160 0624 
590 .0055 1,085 
580 0067 1.067 1046 .1200 
570 .0079 1.049 1252 ~- 








Yable =~ D 





E = 000153 G = ,0235 Wy = 61S e = 14,02 
a -4 ) tte lene oie } lees ) lenis } 
0 0 0 0 0 
O20 »O001 0022 0014 0042 
420 » COO6 ~655 0084 -0990 
450 -OOL2 754 «0169 -0190 
S20 »O0286 0848 »O365 ~0500 
555 -0039 .905 20547 C550 
595 »O112 «970 1570 1560 
610 -0148 «995 2075 2075 
650 0258 1,029 0000 -5100 
650 0272 1,060 «9800 20850 
675 -0538 1.102 04745 +4850 
690 .03'70 1,127 ~5190 25500 
700 «0398 1.141 5590 -5570 
710 0449 1.159 «6500 25855 
as Decreasing Speed 
1250 ~0007 2040 -0098 20150 
990 — ,0012 1.615 -O169 +0190 
840 .0019 1.370 0267 60275 
800 0022 1.505 -0508 .0300 
720 -0037 1.175 .0519 0460 
680 0051 L110 0715 0675 
655 .0067 1.069 .0940 
6355 -0088 i047 1255 -_-—- 








Table L 














w = ,QOOLz4 G = ,0240 Wye 47] e = 12.38 
“peed ump litude R A A 
rpm (obs) (obs ) (obs ) (cale ) 
0 QO Q 

275 -580 
310 658 
370 -785 
400 «850 
415 880 
25 «902 
440 854 
= 485 965 
470 1.000 
490 i, .040 
 §05 1,071 
— 610 1.063 
 §15 1.095 
$23 Lslild 
652 1.1350 
s¥ 
&00 1.760 »0050 0150 
650 1.538 0250 
545 1.158 ~0420 
510 1.083 .0790 
495 1.051 1500 
490 1.041 0940 --+ 








Table F 
opring Charecteristic Data 


3/s" « 2" x 46" Beam 1/4" x 2" «x 48" bean 





Yoree Deflection Foree Deflection Force Deflection 
Lbs. feet Los. feet Lbs. feet 
Q 0 119,6 0 Q 
10 002 150.8 5 .0005 
15.78 .003 140.0 9.5 .00767 
20.0 .00@ 150.0 15.0 ,01163 
25.5 2005 155.5 19.2 01598 
30.0 160.0 24.5 .01683 

0 165.5 .02508 29.0 
.00767 171.4 02567 53.5 
.00875 177.0 .02608 59.0 .02288 
51.0 .00967 180.5 .02658 45.0 
60.0 201117 185.4 -02700 50.5 
70.0 01292 189.5 02758 54.0 
80.8 01450 195.5 02780 59.5 02875 
90.5 01600-19945 
100 .01742 206.0 
109 01871-22045 
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DISCUSSION 


The calibration eurve for each of the beams with fixec 
ends, ie obteined with the use of a dial indicator and a 
spring seale. These curves are shown on page 52; the data 
areon page 25. The cantilever springs are deflected in the 
Same manner as the beam and the calibration curve ettained, 
With the two ealibration curves evallable, the spring con- 
stant for the entire elastic unit is computed. 

The coefficient of viscous danping is enother constant 
of the system that must be determined. The record of the 
free daaped vibrations of the elustic unit, without the non- 
iinear besm, Indicated the typical logarithmic rate of deeay 
due to viscous damping. A slsilar record, taken with the 
non-linear beam attached, gave a diagram in which the rate 
of decay was not logarithmic. Indeed, this is to be expect- 
ed even though the damping is viscous, Since no information 
could be found relative to the theoretical shape of this 
latter curve, the laboratory records were ef no value in 
determining the ceeffictent of viscous damping. The Damping 
Factor G, used in the computations, was obtained from the 
relationship G = |) a= ; R being the frequency ratio where 
the amplitude curve rounds off. 

The amplitude data obtained in the laboratory closely 
checked the curves plotted frem the derived formula. The 
curves shown on pages 26 ~ 29 are plotted from representative 


experimental data. Imnlargements of the 





important recions of . 


the curves on pages 26 and 28 are shown on pages 27 and 29, 


reapectively. ‘The error at frequency ratios less than unity 
averayed 21 per cont. The error ut frequency ratios greater 
then unity for the J branch of the curve (Figure 3, page 8), 
aver.ged 5.6 per cent. The error for the L branch of the 
curve averaged 12 per cent. The large errors occurred where 
the amplitude is low. This is to be expeeted since a small 
error (.0001!) in reading the amplitude may cause the con- 
puted value te differ from the theoretical value by as much 
as 50 per cent. Fortunately, the error in the measured 
values of amplitude was least over the most important portion 
ef the eurve, For the assumptions made in the derivution of 
the formula, the small amount of error (3.6 per cent) in the 
experimental values justifies the statewent thet the derived 
formula is sufficiently accurate to predict the amplitude of 
a vibrating syatem with a non-linear spring. 

The Transmissibility curves on pages 50 and 31 show a 
large difference between the predicted and exporimental values, 
fhis diserepancy was investigated and it was fou 
small error in the ampiitude prodvced 4 relatively large error 
in the Transuissibility. Uxperimental values of amplitude 





that lie below the predicted amplitude curve will give larger 
values of Transmissibility than the predicted values, 
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SAMPLE CALCULATIONS 


fotal Mass Involved in the Vibration; 
(a) Effect of the mass of the bottom beam. 
let m= total mass of bean 
me= equivalent mass 
considered concen- 
trated at tne mid- 
point of messicss 


bean. 





Equating the Kinetic 
Figure b, 
snergies of the two ayetens in Figures a and b 
- 
1/2 Me Tovna)™ 1/2 an Vor(fas) * * ¢ «© @© © @ @ @ (1) 
Asswaing the firet mede of vibration and the 
dynamical deflection curve to be the same as the 


static defleetion curve, 





: 4 
Ix * aT oT (1 ~-x) sin lug & * ¢e 8¢@ @ @ @ »(2) 


x= ar nt Ces ial «* @® #© @# @© ¢@ @ »(3) 


Trot * We as (1<x)* oe © © © & ~ (4) 
isa (l1- =i" ee °° ¢ #® ® »® (5) 


“Hen X = 

ig ofan sviteene F eae 
heferring to ligure (a) 

dm = — ax oo =e eam of Fi 


Substituting equs tions 4 6 as 7 into equation 1 


1/2 me. eee afi s £ (asa) § dx... »(8) 








(b ) 


(c) 


(a) 


(b) 


57 


Equation & when simplified becomes 


2 x26 z 
a m (084). 20 ee i ae — 
ne  Githel [= (1 x)" | ax ' ese wey S (9) 
x=0 9 


The integral when evaluated = a 3; 80 that 
Me = 0.4025 m a ® 6 & a 6 ° ® * a ° e * ~ (10) 
For & beam 1/4"x2" x 48” 


Re = TEREX SOR TORE. 0.09755 slugs. 
4x 32.2 | 


pffeet of the mass of the cantilever springs, 
By the above method, Timoshenko (Vibration Problems 
in ingineering, pages 57 - 58) demonstrates that oe 
of the total distributed mass of e cantilever beam is 
considered concentrated at the free end of a “mastless” 
beam. 

For two 5<foot springs (1/2" x 5" x 36") 
DOXSEXSRLXO 285 _ = 0,873 slugs. 


140%2x40x52 22 
Yeight of the motor, vertical channel, ete, 


Total Effective ilass M = 2,241 slugs. 





spring Fores 
From the characteristic curve of the 1/4" x 2"x 48" 
beam Shown on page 32, the equation for the spring 
force is; 


6 IF = pounds 
F = 1,162 x 10° y + 1.084 x 10 yx 


y = feet 
For the spring force of the two cantilever springs, 


© feet long, 


Feky where k = age 


y = _5xS0x10 x5x12 


2x50210 XSx12 =. 1205 1bs/foot. 
(36)"x8 x 12 








or, For two springs, PF = S410 y. 
By the method of superposition the total spring force 
is; 
3 6 3 
P= 3.561 x10 7 + 1,084 x10 y 
where k = 3.561 x 10 lbe/foot 
k,= 1,084 x 10 1bs/foot” 


Natural Frequency 


» 3 
Wy | -| =a 10. 58,20 rad/sec, or 565 rpm. 


large sccentric Teights 
m = 0,0555 slugs 
e = 0.0556 Beet 
me = 0,00196 elug - feet. 


Lxciting Force 5 (dinengionless term). 


oe 
vo Ea SSS ae ~ cou 
Using the relationship G a a where H is the 
frequency ratio at the sae Sate the amvlitude 
curve rounés off, (R = 1.255 ) 
@ a\(0-000175x(1.253)  . 9.cn06 
(1,285)"- 1 = 


Amplitude Factor A 


From equation 14, paye 8 


= ri) ee y% 
| (aan *e®)* o'r] = wa 
OF, 


6 ¥ 2 a 2\2 2e2 $ 
A+ 2a (aen’) + 4 (a-n“)"+ o'r ~ER=0 














og 


For the particular case where 


R= 1.10 (assumed) 

E= 0.000175 (calculated) 

G = 0.0226 (Calculated) 
then 


é y 2 
A - 0.42 A+ 0.04472 A = 0.0002566 = 0 


The three roots are 


A = 0.00605 or A= 0.0779 

A = 0.2322 Or A = 0.482 

A’ = 0.1818 or = A = 0.426 
Transmissibility 





Zara ec. 
+A + GR 
1-R “+ A*)*+ q“R< 


For the assumed case in which 


I 


1.10 (assumed ) 


it 


0.0226 (calculated) 
A = 0.2522 (calculated ) 


a 
, = LAs RSS3) 0 .0006175 = 37, 
(0.0222)"+ 0.0006175 
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